(1) if p(x n ,y) ≤ α n and p(x n ,z) ≤ β n for any n ∈ N, then y = z. In particular, if p(x, y) = 0 and p(x, z) = 0, then y = z; (2) if p(x n ,y n ) ≤ α n and p(x n ,z) ≤ β n for any n ∈ N, then {y n } converges to z; (3) if p(x n ,x m ) ≤ α n for any n, m ∈ N with m > n, then {x n } is a Cauchy sequence; (4) if p(y, x n ) ≤ α n for any n ∈ N, then {x n } is a Cauchy sequence. Lemma 2.4 (see [3] ). Let X be a metric space with a metric d, let p be a w-distance on X, and let T be a mapping of X into itself satisfying (2.1) for all x, y ∈ X and some q ∈ [0, 1). Then (1) for each x ∈ X, n ∈ N, and i, j ∈ N with i, j ≤ n,
p(T x, T y) ≤ q · max p(x,y),p(x,T x),p(y,T y),p(x,T y),p(y,T x)
is a Cauchy sequence.
Main results
Theorem 3.1. Let X be a complete metric space with a metric d and let p be a w-distance on X. Suppose that S and T are two mappings of X into CB p (X) and ϕ :
y ∈ B, and some q ∈ [0, 1),
for every u ∈ X with u ∉ Su or u ∉ T u, where SA means a∈A Sa. Then S and T have a common fixed point in X.
and k = βq. Define x n+1 ∈ Sx n and y n+1 ∈ T y n for all n ∈ N. Then x n ∈ Sx n−1 , x n+1 ∈ S 2 x n−1 , y n ∈ T y n−1 , and y n+1 ∈ T 2 y n−1 . From (3.1) and (3.2), we have
for all n ∈ N and some k ∈ [0, 1). Let n and m be any positive integers such that n < m. Then, from (3.6), we obtain
By Lemma 2.3, {y n } is a Cauchy sequence. Since X is complete, {y n } converges to u ∈ X. Then, since p(y n , ·) is lower semicontinuous, from (3.7) we have
Suppose that u ∉ Su or u ∉ T u. Then, by (3.3), (3.5), (3.6), and (3.8), we have
This is a contradiction. Therefore we have u ∈ Su and u ∈ T u. 
Theorem 3.2. Let X be a complete metric space with a metric d and let p be a w-distance on X. Suppose that S and T are two mappings of X into CB p (X) and ϕ
for every u ∈ X with u ∉ T u. Then T has a fixed point in X.
Proof. By a method similar to that in the proof of Theorem 3.1, the result follows.
Theorem 3.4. Let X be a complete metric space with a metric d and let p be a w-distance on X. Suppose that S and T are self-mapping of X and ϕ : X × X → [0, ∞) is a mapping such that
for all x, y ∈ X and some q ∈ [0, 1),
15) for every u ∈ X with u ≠ Su or u ≠ T u. Then S and T have a common fixed point in X.
From Theorem 3.1, we have the following corollary.
Corollary 3.5. Let X be a complete metric space with a metric d and let p be a w-distance on X. Suppose that S and T are two mappings of X into CB p (X) and
for all x, y ∈ X and some q ∈ [0, 1), and that (3.3) and (3.11) 
for all x ∈ X and some q ∈ [0, 1), and that (3.13 ) is satisfied. Then T has a fixed point in X.
Corollary 3.7. Let X be a complete metric space with a metric d and let p be a w-distance on X. Suppose that T is a self-mapping of X and ψ :
for all x ∈ X and some q ∈ [0, 1),
for every u ∈ X with u ≠ T u. Then T has a fixed point in X.
From Corollary 3.7, we have the following corollaries.
Corollary 3.8 (see [3] ). Let X be a complete metric space with a metric d and let p be a w-distance on X. Suppose that T is a self-mapping of X such that x,y),p(x,T x),p(y,T y),p(x,T y),p(y,T x) (3.20) for all x, y ∈ X and some q ∈ [0, 1), and that
for every u ∈ X with u ≠ T u. Then T has a unique fixed point in X.
Proof. By (3.20) and Lemma 2.4(3) , we have (3.22) for every x ∈ X. Thus we may define a function r : ∪{0} ,p(x,y) (3.23) for every x, y ∈ X. Clearly, r is a w-distance on X. Let x be a given element of X, then, by using Lemma 2.4 (1), (3.20) , and (3.23), we have for every u ∈ X with u ≠ T u. From (3.24), (3.25) , and Corollary 3.7, T has a fixed point in X. By (3.20) and Lemma 2.4 , it is clear that the fixed point of T is unique.
Corollary 3.9 (see [2] ). Let X be a complete metric space, let p be a w-distance on X, and let T be a mapping from X into itself. Suppose that there exists q ∈ [0, 1) such that
for every x ∈ X and that
for every y ∈ X with y ≠ T y. Then T has a fixed point in X.
for all x ∈ X. Thus the conditions of Corollary 3.7 are satisfied. Hence T has a fixed point in X.
From Corollary 3.8, we have the following corollary.
Corollary 3.10 (see [1] ). Let X be a complete metric space with a metric d and let T be a mapping from X into itself. Suppose that T is a quasicontraction, that is, there exists q ∈ [0, 1) such that d(T x, T y) ≤ q · max d (x,y),d(x,T x),d(y,T y),d(x,T y),d(y,T x) (3.29) for every x, y ∈ X. Then T has a unique fixed point in X.
Proof. It is clear that the metric d is a w-distance and inf d(x, y) + d(x, T x) :
x ∈ X > 0 (3.30)
for every y ∈ X with y ≠ T y. Thus, by Corollary 3.8 or 3.9, T has a unique fixed point in X.
